We formulate and characterize a model to describe dynamics of semiflexible polymers in the presence of activity due to motor proteins attached irreversibly to a substrate, and a transverse pulling force acting on one end of the filament. The stochastic binding-unbinding of the motor proteins and their ability to move along the polymer, generates active forces. As the pulling force reaches a threshold value, the polymer eventually desorbs from the substrate. We present a mean field theory that predicts increase in desorption force with polymer bending rigidity, active velocity and processivity of the motor proteins. Performing molecular dynamics simulations of the polymer in presence of a Langevin heat bath, and stochastic motor activity we obtain desorption phase diagrams that show good agreement with theory. With increase in pulling force, the polymer undergoes a first order phase transition from mostly adsorbed to fully desorbed state via a regime of coexistence where the steady state dynamics of the polymer switches between large fraction of adsorbed and desorbed lengths.
I. INTRODUCTION
Cytoskeleton in the cell comprises of semiflexible protein filaments, cross-linkers and motor-proteins, and is maintained continuously out of equilibrium. Each family of motor proteins, when coupled to their type-specific filamentous tracks, can hydrolyze chemical fuel ATP generating motion and stresses in the cell [1, 2] . This active meshwork provides the cell its mechanical stability, tracks for inta-cellular locomotion, and controls cellmotility [3, 4] . Single molecule experiments on motor proteins revealed mechanism of force generation, forcevelocity relations, and dependence of motion on ATP concentration [1, 5, 6] . Collective action of molecular motors lead to interesting dynamics like bidirectional motion and spontaneous oscillations [7] [8] [9] [10] .
A plethora of individual and collective physical properties of cytoskeletal filaments were obtained from the study of in vitro gliding assays, in which F-actins or microtubules move on a two dimensional substrate decorated by myosin or kinesin motors, both experimentally [11] [12] [13] [14] and theoretically [15] [16] [17] . Recent experiments on molecular motor assays revealed formation of spiral defects and loops of actively moving filaments driven by motor proteins [18, 19] . In gliding assays, one end of motor proteins are irreversibly attached to a two dimensional substrate. The other end binds to the filaments and actively forces them to move parallel to the substrate. An important question is as to, what happens to the filaments under pulling force from an end when motors are generating active force by hydrolyzing ATP. Cargo transport in one dimension (1D) by multiple motors has attracted much attention and the response to external opposing forces were obtained [20] [21] [22] . In this paper, we focus on the dynamics of semiflexible filaments that are actively grabbed and driven by molecular motors, under a pulling force applied to one of its ends in a direction perpendicular to the substrate. The situation is akin to in vivo microtubules, one end of which is captured and actively driven by motor proteins at the cell cortex while forces act on the other end attached to the microtubule originating centre [23] . A passive counter-part of this problem is peeling of semiflexible polymers from adhesive surfaces [24] [25] [26] [27] [28] . The strengths of actomyosin rigor bonds, in absence of ATP driven activity, have been measured earlier by pulling F-actins off myosin coated substrate using optical tweezers [29] . At intermediate values of bending rigidity, for a given contour length, semiflexible polymers are known to show multiple minima in free energy leading to non-monotonic force-extension behavior [30, 31] .
We use molecular dynamics (MD) simulations of semiflexible filaments in presence of Langevin heat bath, and stochastic attachment detachment kinematics of molecular motors. For simplicity, we assume that the motor proteins are arranged in a uniform linear coverage. With increase in transverse pulling force, the polymer starting from an adsorbed state undergoes a sudden complete desorption at a threshold force, a non-equilibrium first order transition, through a regime of steady-state coexistence of mostly adsorbed and desorbed states. Our linear stability analysis of a mean field description of the problem predicts an increase in the threshold force of desorption with increasing bending rigidity of polymer, as well as activity and processivity of molecular motors.
The predictions show good agreement with MD simulation results. We obtain results for biologically relevant parameter values, making our predictions amenable to direct verification in gliding assay experiments.
II. MODEL
We model the cytoskeletal filaments as worm-like chains described by space curves r(s), and local tangent vector t(s) = ∂r/∂s with s denoting a position along the contour of the chain. The Hamiltonian for a filament of length L is given by
where κ is the bending rigidity, τ (s) is backbone tension fixing the in-extensibility constraint t 2 (s) = 1. The motor proteins are assumed to be irreversibly attached to the substrate with uniform linear density. The tail of i-th motor protein is assumed to be attached at position r i 0 = (x i 0 , 0). The head attaches to a segment of the filament if it lies within a capture radius r c with an attachment rate ω on . When attached, the motor head either moves along the filament or gets detached from it with a rate ω off . With n u (n b ) the number of unbound (bound) motors locally available to a polymer segment with ρ = n b + n u a constant, the attachment-detachment dynamics of the motor proteins is governed by
Note that, ω on and ω off are dependent on the z-separation of a given polymer segment from the substrate. Attachment is a diffusive process with ω on = D/(a 2 +z 2 ), where D is the diffusion constant of the motor head. In the limit z → 0 the attachment rate is bounded above by D/a 2 . Detachment rate ω off is an increasing function of the load on the motor protein. Assuming a Kramer's process we have, ω off = ω 0 exp(f l /f d ), where ω 0 is the bare off rate and f l is the load force. The i-th molecular motor when attached to the polymer at a position r(s) exerts an elastic force f m = −k m (r(s) − r i 0 ) attracting the polymer segment towards itself. The amplitude of this force is the load f l = | f m | on the head of molecular motor. In their active state, the motor proteins move along the polymer towards one of its ends with active relative velocity
where f t = − f m .t, d 0 = 0.01 and f s = 1.16 pN (parameters for kinesin molecule, see Appendix B). The negative sign is chosen so that the motors move towards the s = 0 end of the polymer. This ATP-driven motion of the motor heads, via their elastic nature generate an active force on the filament in a direction opposite to this movement. The external force F z , applied at the s = 0 end of the polymer opposes this active force, and at sufficient strength desorbs the polymer from the substrate.
III. THEORY
In the limit of small transverse displacements z(x, t) of the filament from x-axis, the Hamiltonian may be approximated as
The over-damped motion due to this Hamiltonian is described by α ⊥ ∂ t z = −δH/δz +η(t), where η(t) is a Gaussian white noise, and α ⊥ viscous friction. Averaging over the stochastic noise, and incorporating the force due to bound motors, the evolution of transverse displacement is given by,
The tension τ (x, t) needs to be determined by using the in-extensibility constraint. In the weakly bending limit spatial variation in τ can be neglected [32] , considerably simplifying the analysis. Within mean-field approximation, the external force F z acting on the polymer is distributed equally among all bound motors. Therefore the off-rate
For values of the external force, F z , less than the critical desorption force, the polymer reaches a steady state configuration z(x) (independent of t) where it is partially adsorbed. The corresponding equilibrium force-induced desorption of a passive semiflexible polymer from an adhesive surface was considered by Kierfeld [26] . It is therefore meaningful to get an estimate of equilibrium shape z(x) by first looking at the passive desorption from a substrate characterized by an energy < 0 per unit length with n b /n u = e −β , where n b , n u now denote the adsorbed and desorbed fraction respectively. Then, we can write the equlibrium shape equation as
where Φ is now the force of attachment and n b = ρ/(e β + 1). With the external force holding one end of the partially adsorbed polymer at a constant height z 0 , we look for solutions of the form z(x) = z 0 exp(−x/λ) with λ = κ/τ , the intrinsic length scale obtained from the shape equation. To determine z 0 , we use fourier transform , z(x) ∼ q z q e iqx , to obtain, (c) Thus, z 0 = q z q ≈ z q1 , where q 1 = 2π/L is the smallest possible mode. In the active scenario we are considering in this paper, the number of bound motors
at steady state. Using analysis similar to the equilibrium scenario as above, we obtain
where the force generated by individual motors Φ stand for the spring force k m z as in Eq. 5. This gives the steady state profile of the polymer z(x) = z 0 exp(−x/λ).
To get an estimate of the critical desorption force, we perform a linear stability analysis by assuming a steady state configuration [z(x), n u (x)], and considering small variations [δz(x), δn u (x)] about it. For the steady state configuration the on-rate is ω on = D/(a 2 + z 2 ). The linearized variations around steady state are
In practice, a motor protein may attach to a segment of filament only if it lies within a capture radius a (see the following section). Thus from Eq.(5) we obtain,
by replacing the terms k m z δn u by k m a δn u , and writing δω on = −ω on (δz/a). If we consider an extremely small segment of a long polymer far away from the boundary on which pulling force F z is applied, boundary conditions would not affect its behavior. In this limit, performing a Fourier transform the evolution of specific modes follows ∂ t (δz q , δn
, where the elements of the 2 × 2 matrix A are given by
In the large q limit, the unstable modes of the above linearized dynamics identifies the condition where the absorbed state of the polymer is locally unstable. Thus it identifies an upper bound of instability, which is instructive to study. However, the actual desorption may take place at a smaller force. In this limit, we have
The condition that λ + > 0 for the mode to be unstable is satisfied if
The external pulling force opposes the active drag by the motor proteins. Tensile force on the polymer acts in the opposite direction to the external forces to keep the length of the filament constant (See Fig. 1(a) ). Thus the total tensile force is expressible as a linear superposition of applied forces τ ∼ τ 0 (αv 0 −νF z ), with α the longitudinal viscosity and ν < 1 denoting a component of F z that translates in the longitudinal direction via inter-segment connectivity of the polymer.
To obtain an closed analytic form for the expression of instability condition, we linearize the force dependence of detachment-rate ω off ≈ ω 0 (1 + f /n b f d ). After some algebra, the condition λ + > 0 leads to
writing q ∼ 1/a, and Ω d = ω on /[ω on +ω 0 ] is the duty ratio of the motor proteins quantifying their processivity.
In the limit of large v 0 and κ, the relation simplifies to
where N b = n b L denotes the total number of bound motors at the onset of instability. In general the points of instability may be expressed as
where α = a 2 τ 0 α, ν = a 2 τ 0 ν. These results are obtained under assumptions of small transverse displacements, and equal sharing of external force by all the attached motors. To study the full dynamics, in the following section we present results from numerical simulations. As it turns out, the simulated phase diagrams are captured well by the approximate expressions obtained above.
IV. SIMULATION
To study the full dynamics of a semiflexible polymer attached to and driven by motor proteins, under transverse pulling force, we perform MD simulations of the polymer in presence of stochastic noise and attachment detachment kinematics of molecular motors. In simulations, we discretize the semiflexible polymer into a beadspring chain of N bonds of equilibrium length a and spring constant A, and finite bending rigidity κ such that the Hamiltonian is H =
Here we denoted position of the nth bead by r(n), such that the local tangent t(n) = [r(n+ 1) − r(n)]/b(n) where b(n) = |r(n + 1) − r(n)| is the instantaneous bond length. In the limit of large A, instantaneous bond lengths b(n) ≈ a, and the chain in equilibrium behaves like a worm like chain. In addition, we incorporate self avoidance via a Weeks-Chandler-Anderson (WCA) purely repulsive potential between non-bonded polymer beads βV W CA (r ij ) = 4[(a/r ij )
12 −(a/r ij ) 6 +1/4] if r ij < 2 1/6 a and 0 otherwise, with β = 1/k B T the inverse temperature.
The MD simulations are performed using a velocityVerlet algorithm in presence of a Langevin heat bath that fixes the temperature at the room temperature value k B T = 4.2 pN-nm through a Gaussian white noise η i (t)η j (t ) = 2αk B T δ ij δ(t − t ) with α denoting viscosity of the environment. Since the typical environment within a cell is at least one order of magnitude more viscous than water, we choose the viscosity of the medium
is the viscosity of water. Therefore, the viscous drag α = 6πνa ≈ 1 pN s/µm on a bond of length a = 0.5 µm.
The spring constant of the bead-spring system is taken to be fairly large A = 100 pN/µm. The persistence length λ of cytoskeletal filaments varies by three orders of magnitude, with λ = 16.7 µm for actin filaments, to λ = 5.2 mm for microtubules [33] . These correspond to variation of bending rigidity κ from the value κ AT = 0.07 pN-µm 2 for F-actins to κ MT = 21.84 pN-µm 2 for microtubules. Unless stated otherwise, in our simulations we consider parameters typical for Kinesin motors with attachment rate, ω on = 20/s and a bare detachment rate ω 0 = 1/s. The motors are placed on a 1d line along the x-axis with constant coverage density. The spring constant, k m , for Kinesin motors lie between 10-1000 pN/µm. In our simulations, we use k m = A = 100 pN µm −1 . The detachment force, f d = 6 pN characterizes the force induced enhancement of detachment rates as ω off = ω 0 exp(f l /f d ) where f l is the instantaneous load on the molecular motor. In our simulations, we used the polymer bond-length a as unit of length, and the typical forces associated with the motor proteins 1 pN as the unit of force.
The unit of time is set by t u = α/A, and we choose the integration time step δt = 0.01t u . Attachment-detachment kinematics of motor proteins are performed stochastically with probabilities ω on δt and ω off δt at every time-step. Note that the attachment event is tried only if a filament segment is within the capture radius r c = a, from the equilibrium position of molecular motors. Once detached the molecular motors are assumed to relax back to equilibrium configurations immediately. When attached to the polymer, molecular motors move along the polymer following Eq.(3). In the absence of load, the attached motors move with velocity v 0 in the negative x direction along the filament, forcing the polymer to translate towards the positive x direction. To study the effect of transverse pulling force, F z is applied in the z direction perpendicular to the substrate and at the trailing end of the polymer (see Fig. 1 (a) ). We study the influence of the pulling force F z as we vary (i) active self-propulsion v 0 , (ii) the duty ratio Ω d , and (iii) the bending rigidity κ.
V. RESULTS

Effect of activity:
For processive motors with large duty ratio Ω d = 0.95 with ω on : ω 0 = 20 : 1, the motor proteins prevent desorption of the polymer by stochastic fluctuations. The polymer stays on the motor protein bed and moves towards positive x-axis with a velocity close to v 0 characteristic of individual motor proteins. The one dimensional motion in presence of external force shows non-linear force-velocity relation and characterized in detail in Appendix A. A transverse pulling force applied on the trailing end eventually desorbs the polymer. Fig. 1(a) shows the behavior of a filament with κ = κ MT the bend- ing rigidity of microtubules, and v 0 = 0.807 µm s −1 corresponding to Kinesins (see Appendix B). The desorption is characterized by a discontinuous increase in the fraction of desorbed length, as shown in the inset of Fig. 1(a) , or by following the fraction of motor proteins attached to the filament. Note that the transition from adsorbed to desorbed state occurs sharply when the pulling force reaches a threshold value F In Fig. 2 , we present the dependence of desorption force F Characterizing the non-equilibrium phase transitionmicrotubule-Kinesin system : As discussed above, the adsorption-desorption transition is characterizable by either the fraction of desorbed length ε = z 1 /L, where z 1 is the height of the polymer-end where the external force is applied (see Fig. 1(a):inset) , or the fraction of bound motors
is the maximum number of motors that may attach to the filament, given the motor-density on the bed, filament length and capture radius of each motor. We present simulation data for parameter values corresponding to microtubules and Kinesin motors. However, the nature of transition that we present is independent of this particular choice. Both the quantities 0 < ε, ψ b < 1 and are candidates for orderparameter of transition. Fig. 3 shows time series of ε and ψ b in presence of a transverse force F z = 20 pN F c z the threshold desorption force. At this force both ε and ψ b jumps between large and small values, in a perfectly anti-correlated fashion, capturing the switching between largely adsorbed and largely desorbed states of the polymer. The average bound-motor fraction ψ b sharply drops to zero as the transition point F c z is approached (Fig. 4  inset) . In the plot we show only the steady state values of ψ b , before complete desorption ψ b = 0. As a precursor to the transition, we see large fluctuations in ψ b as one approaches F z = F and (iii) F z = F c z when the polymer eventually desorbs. We find that, P (ψ b ) shows a single peak near ψ b = 0.83 at F z = 19 pN corresponding to the adsorbed state (see Fig. 4 ). As F z approaches the threshold value (F z = 21.5 pN) the steady state distribution becomes bimodal, with a broad second peak appearing at a small ψ b . At F z = F c z , eventually the whole polymer desorbs. Although this third case does not correspond to a steady state with respect to ψ b , P (ψ b ) can still be obtained from the time-series before the polymer actually desorbs. This is instructive to study, and shows interesting features of the dynamics (Fig. 4) . In the time-evolution towards desorption the polymer spends considerable time in both adsorbed, and partially desorbed states as captured by the double-maxima in P (ψ b ).
The sharp change in order parameters ε , or ψ b near transition point, and the fact that the actual desorption transition is mediated via a phase-coexistence of adsorbed and desorbed states clearly captured by P (ψ b ) characterizes the non-equilibrium desorption as a first order transition.
VI. OUTLOOK
Using mean field theory and linear stability analysis in one hand, and a stochastic MD simulation in the other, we investigated the adsorption-desorption transition of a semiflexible polymer attached to and actively driven by a bed of molecular motors. We have shown that the non-equilibrium transition is first order, characterized by a sharp change in the fraction of bound motors or the fraction of desorbed length of the polymer. We obtained the dependence of desorption force F simulations showed good agreement with our theory. Our choice of biologically relevant parameter values makes this study an interesting prospect for experimental verification, e.g., in microtubule-Kinesin gliding assays. Variation of v 0 and Ω d may be achieved by changing ATP concentration. Bending rigidity κ is partially tunable changing the ambient electrolyte concentration. Work is on to extend our model to study two-dimensional collective motion of semiflexible filaments driven by molecular motors. Particular questions as to how defects in activity of molecular motors [22] impact motility of polymers and in turn the collective motion, will be studied. The head of each motor protein, when attached to the filament may move dragged by the filament moving with velocity v, or due to its active relative motion v a . Thus with respect to the attachment point on the substrate, the extension of the head position is
The resultant force on the filament due to N b attached motors is
The filament velocity is given by the force balance
The number of bound motors obey the master equation
where N is the total number of motor proteins. At steady state, ∂ t N b = 0 implies
and dy/dt = 0 implies a negative velocity of the filament v = −v a . On an average, the filament moves in the direction opposite to the motors with the velocity of a single free motor protein.
In the presence of external force, the motor detachment rate ω off (y) = ω 0 exp(k m |y|/f d ), and the active velocity
. Using Eq.A2 and v = −v a , Eq.A3 leads to
where N b can be expressed as a function of y via Eq.A5 and ω off (y). The non-linear algebraic relation Eq.A6 can be solved for y. This in turn gives the value of v a (y) and therefore the filament velocity v at a given value of F x . This further allows us to calculate N b as a function of F x through Eq. A5.
Using the parameters ω on = 20 s
pN, and setting the total number of available motor proteins N = 75 we plot the F x dependence of v and N b in Fig.s 5, and 6 respectively. The plots show comparison of this MFT prediction with simulation results, and we find good agreement. The number of attached motors N b reduces with increase in the load force, and thus is independent of the sign of F x . In absence of external force, the filament moves with velocity v = −v 0 as expected, and the speed reducing with increasing opposing load F x > 0. However for assisting load F x < 0, MFT predicts a v independent of F x . Though for F x > 0 we see good agreement between MFT and simulations, for large negative force F x we find qualitative deviation. At large external forces, the steady state assumption dy/dt = 0 does not hold, and velocity of the filament is expected to be v ∼ F x independent of the active force. The deviation from MFT shows a precursor of this crossover.
Here r a (r d ) is rate constant for binding (unbinding) of an ATP by the kinesin head, and r h is the rate constant of ATP-hydrolysis; P i denotes the phosphate ion.
This leads to the Michaelis-Menten expression for the motor-velocity, The net time scale of ATP hydrolysis has two components, one is the time required in absence of force t 1 , the other one is an exponentially increased time scale t 2 exp(f δ/k B T ) to cross the enhanced energy barrier f δ (δ is a characteristic molecular length scale) using thermal energy k B T . Thus the total time per ATP hydrolysis is t(f ) = t 1 +t 2 exp(f δ/k B T ) with the corresponding rate r h (f ) = 1/t(f ). This leads to the following general form of the rate of ATP hydrolysis [6] ,
where f s = k B T /δ. The load-free sliding velocity of a single motor is coupled to ATP-hydrolysis by v 0 = r h (0)d Φ([AT P ]). Self propulsion v 0 is thus a function of ATP concentration, and at high enough concentration saturates to v 0 = r h (0)d. Note that the above-mentioned chemical reaction describes the motor only when it is attached to the polymer track. In the detached state the motor performs simple thermal diffusion.
Thus the motor velocity
Fitting this form with kinesin force-velocity data obtained at large ATP concentration of 2 mM gives v 0 = 0.807 µm s −1 , d 0 = 0.01 and f s = 1.16 pN [6] . The maximal force generated by single Kinesin molecule is αv M (f ) where α denotes the viscosity of ambient medium. We used this expression and above-mentioned parameter values to model active force generation of molecular motors in the main text.
